The Universal Kaehler Modulus in Warped Compactifications by Frey, Andrew R. et al.
ar
X
iv
:0
81
0.
57
68
v2
  [
he
p-
th]
  9
 D
ec
 20
08
Preprint typeset in JHEP style - HYPER VERSION RUNHETC-2008-19
NSF-KITP-08-133
The Universal Ka¨hler Modulus in Warped
Compactifications
Andrew R. Frey
Department of Physics, McGill University,
Montre´al, QC H3A 2T8 Canada
Gonzalo Torroba
NHETC and Department of Physics and Astronomy
Rutgers University. Piscataway, NJ 08854, USA
and
Kavli Institute for Theoretical Physics,
University of California, Santa Barbara CA 93106, USA
Bret Underwood
Department of Physics, McGill University,
Montre´al, QC H3A 2T8 Canada
Michael R. Douglas
Simons Center for Geometry and Physics,
Stony Brook NY 11790, USA
and
NHETC and Department of Physics and Astronomy
Rutgers University. Piscataway, NJ 08854, USA
and
I.H.E.S., Le Bois-Marie, Bures-sur-Yvette, 91440 France
Abstract: We construct the effective theory of the universal Ka¨hler modulus in warped
compactifications using the Hamiltonian formulation of general relativity. The spacetime
dependent 10d solution is constructed at the linear level for both the volume modulus and its
axionic partner, and nontrivial cancellations of warping effects are found in the dimensional
reduction. Our main result is that the Ka¨hler potential is not corrected by warping, up to an
overall shift in the background value of the volume modulus. We extend the analysis beyond
the linearized approximation by computing the fully backreacted 10d metric corresponding to
a finite volume modulus fluctuation. Also, we discuss the behavior of the modulus in strongly
warped regions and show that there are no mixings with light Kaluza-Klein modes. These
results are important for the phenomenology and cosmology of flux compactifications.
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1. Introduction
String backgrounds contain various light fields, such as metric zero modes and spacetime
tensors. Determining their 4d dynamics, i.e., dimensional reduction, is essentially a two-step
procedure. It requires first finding the correct 10d (in the case of string theory) fluctuation
corresponding to the 4d field. Then the 4d action is computed by substituting this fluctuation
ansatz into the 10d action. In some cases, the first step is simple, which can lead to confusion
in more complicated backgrounds. In this paper, we continue along the lines of [1–3] to
advance the proper treatment of dimensional reduction in conformally Calabi-Yau warped
compactifications of type IIB string theory [4–7].
The moduli space by dimensional reduction is well understood for Calabi-Yau (CY)
compactifications, mainly because N = 2 supersymmetry determines the action in terms of
a single prepotential and the zero modes are associated to harmonic forms of the CY [8].
However, Kaluza-Klein reduction in flux compactifications with N = 1 supersymmetry is
much less understood. From a field theory point of view, finding the Ka¨hler potential is a
complicated task because it is no longer protected by holomorphicity. From a geometrical
point of view, breaking N = 2 → N = 1 corresponds to having a warped background, with
the warp factor sourced by branes, orientifold planes, and supergravity flux. Dimensionally
reducing on these backgrounds is subtle, since the profiles of the zero and higher Kaluza-Klein
(KK) modes are nontrivial [9–14].
Understanding the dynamics in these cases is an important task, because flux compactifi-
cations have many of the necessary ingredients to produce realistic models of phenomenology
and cosmology [4–7]. Understanding that phenomenology therefore requires a knowledge of
the proper dimensional reduction. For example, the 10d wavefunction controls the interac-
tions of supergravity moduli with brane fields, which may represent the Standard Model, as
in [15,16]. Additionally, supergravity KK modes are dark matter candidates in some models;
understanding their full 10d structure is important in determining whether their annihilation
and decay rates are sufficiently slow [17–21].
In this paper, we study dimensional reduction in the compactifications of [4–7]. These
are in some senses simpler than other flux compactifications, both because the internal space
is conformally CY and because they have a well-defined supergravity limit. Progress in this
direction has been made in [2,14], especially with respect to volume-preserving fluctuations of
the internal space. Recently, in [1], a formalism for computing kinetic terms in general warped
backgrounds was developed which makes the physical interpretation of the computations
manifest. Since this formalism does not rely on supersymmetry, it applies to conformally
CY flux compactifications with flux that breaks supersymmetry as well (see [22] for some
discussion of supersymmetry breaking in these backgrounds).
Our goal in the present work is to elucidate the dynamics of the universal Ka¨hler modulus,
applying the Hamiltonian-based method developed in [1] (see also [14, 23, 24] for progress
towards a 10d description). This mode arises in any string background with a geometric
interpretation, but its kinetic term has not yet been fully understood in the case of general
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warping. A particularly important question is how warping effects correct the kinetic terms
and Ka¨hler potential (for N = 1 theories). We will find that the Ka¨hler potential is in fact not
corrected by warping, up to an additive shift in the background value of the modulus. This
is a rather surprising outcome, because the 10d solution constructed from the Hamiltonian
method is quite different from the unwarped fluctuation. However, the needed shift in the
modulus would affect nonperturbative superpotentials or higher-derivative corrections that
break the no-scale structure of the classical background [25–28].
Most of the methods developed so far apply to moduli dynamics in the linearized approxi-
mation, namely when the fluctuations around the vacuum expectation values are infinitesimal.
This is certainly enough if one is interested in the Ka¨hler potential and mass spectrum of the
theory. However, understanding other effects, particularly in cosmology, beyond the 4d effec-
tive field theory requires going beyond the linearized level. For this reason, we also extend
our approach to the case of finite spacetime dependent fluctuations of the volume modulus.
This not only should serve to eliminate remaining confusion about the relation between the
10d and 4d theories, but it is also a significant first step in developing cosmological solu-
tions of compactified 10d supergravity. Such solutions would demonstrate what signatures
higher-dimensional or string physics could be generated, for example, by inflation in string
theory [29].
Throughout, we restrict to conformally CY flux compactifications, but our method could
be applied to more general N = 1 and nonsupersymmetric backgrounds as well.
1.1 Beyond the Calabi-Yau case
Before starting our analysis, it is instructive to review the simpler case of a Calabi-Yau com-
pactification without warping. We follow the discussion of [7] for IIB CY compactifications.
The universal volume modulus corresponds to a simple rescaling
g˜ij → e2u g˜ij (1.1)
of the interal CY metric g˜ij . The time-dependent metric fluctuation is, at linear order,
ds2 = e−6u(x) ηµν dx
µdxν + e2u(x) g˜ij(y) dy
idyj , (1.2)
where the 4d Weyl factor e−6u(x) is needed to decouple the modulus from the graviton. This
4d rescaling defines the 4d Einstein frame and gives the Einstein-Hilbert action for the metric
in 4d. The Einstein equations then reduce to the desired u = 0 for the modulus. The 4-form
field contributes an axion
C4 =
1
2
a(x) J˜ ∧ J˜ + · · · (1.3)
(J˜ is the fixed Ka¨hler form associated with the fixed CY metric g˜ij), which pairs with the
volume modulus into the complex field ρ = a+ ie4u. Performing the dimensional reduction,
one finds
K = −3 log (−i(ρ− ρ¯)) . (1.4)
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Backreaction from fluxes and branes (of the BPS type discussed in [7]) introduces warping
to the background,
ds2 = e2A(y) ηµν dx
µdxν + e−2A(y) g˜ij dy
idyj . (1.5)
One could then try different ways of identifying the universal volume modulus. The simplest
possibility would be to consider the same dependence as in (1.2), even in the presence of
warping [30]:
ds2 = e2A(y) e−6u(x) ηµν dx
µdxν + e−2A(y) e2u(x) g˜ij(y) dy
idyj . (1.6)
This proposal does not work for a couple of reasons. Under a spacetime-independent rescaling
g˜ij → e2ug˜ij , the warp factor acquires a dependence on u
e−2A → e−2u e−2A (1.7)
in such a way that the full internal metric e−2Ag˜ij is actually invariant under the rescaling.
Therefore, the simple rescaling of the CY metric becomes a gauge redundancy which may be
set to zero by a 4d Weyl transformation. At a more technical level, Eq. (1.6) cannot solve
the 10d Einstein equations, so it does not give a consistent time-dependent fluctuation.
Another possibility is suggested by the fact that the warp factor is only determined up
to an overall shift,
e−4A(y) → e−4A(y) + c . (1.8)
The volume of the compact space scales as V ∼ c3/2, so it would be natural to identify this
flat direction as the warped version of the universal volume modulus. One could then promote
c to a spacetime field c(x) by considering the metric fluctuation [14,23,24]
ds2 =
[
c(x) + e−4A0
]−1/2
ηµν dx
µdxν +
[
c(x) + e−4A0
]1/2
g˜ij dy
idyj (1.9)
and performing the dimensional reduction. However, this proposal does not solve the lin-
earized equations of motion1 either; additional components of the metric are required to
satisfy all the components of the 10d Einstein equation [14]. Dimensional reduction on back-
grounds for which the 10d equations of motion are not satisfied in general does not lead
to good low energy effective theories, and can result in ambiguities, as noticed in previous
studies [11–13,23,24].
Summarizing, the dynamics of the universal Ka¨hler modulus are not understood beyond
the CY case, and a more systematic approach is needed. In this paper we will use the method
proposed in [1] to find the wavefunction for the volume modulus and its axionic partner in
the presence of warping. This approach can also be extended to more general N = 1 or
nonsupersymmetric backgrounds.
1Except for special choices of c(x) which appear to lead to instabilities [23,24].
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2. Review of the Hamiltonian approach
The main obstacle in computing the 4d action is the appearence of “compensating” fields
[14, 31]. These arise in any system with gauge redundancies and time-dependent fields. In
a Lagrangian formulation their role is not manifest. If they are not taken into account
properly, the low energy effective action is not invariant under 6d diffeomorphisms, making
the description inconsistent. In [1] it was shown that a simple way of deriving the correct
gauge invariant action is in the Hamiltonian framework. The compensators are then identified
as Lagrange multipliers, and their dynamical role becomes manifest. For completeness, in this
section we summarize the results of [1].
2.1 Gauge invariant fluctuations
Consider a warped 10d background preserving 4d maximal symmetry,
ds2 = e2A(y; u) gˆµν(x)dx
µdxν + gij(y;u)dy
idyj , (2.1)
which depends on metric zero modes uI (which do not mix with the 4d metric at linear order).
The kinetic terms for uI are obtained by promoting the modes to spacetime dependent fields
uI(x). However, the new metric (2.1) with spacetime dependent uI(x) is generically (for
non-trivial warp factor) no longer a solution of the 10d Einstein equations. In particular, the
mixed component of the Ricci tensor Rµi acquires a term proportional to ∂µu
I and becomes
nonzero. Ansa¨tze of this form are therefore not viable starting points for KK dimensional
reductions.
This problem is solved at linear order in velocities by including compensators ηIj,
ds2 = e2A(y; u) gˆµν(x)dx
µdxν + 2 ηIj(y)∂µu
I dxµdyj + gij(y;u)dy
idyj . (2.2)
The spacetime dependent metric fluctuation (2.2) and the 4d kinetic term are then obtained
by solving the 10d Hamiltonian equations of the warped background. We refer the reader
to [32] for the formulation of general relativity in canonical variables.
The formalism is based in computing the canonical momentum πMN , which may be seen
to be equal to
(gtt h)−1/2 πMN =
(
h˙MN −DMηN −DNηM
)
− hMN hPQ
(
h˙PQ −DP ηQ −DQηP
)
(2.3)
where hMN is the 9d space-like metric with components (gµν , gij) for µ, ν 6= 0. DM is the
covariant derivative constructed from hMN , and η
N = u˙I ηNI . Then the Hamiltonian density
becomes
HG =
√−gD
(
−R(9) + h−1πMNπMN − 1
8
h−1π2
)
− 2h1/2ηN∇M (h−1/2πMN ) (2.4)
Notice that the compensating vectors ηN = ηNI u˙
I only appear as Lagrange multipliers, en-
forcing the constraints
DN
(
h−1/2πNM
)
= 0 . (2.5)
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After satisfying this, one can choose the gauge ηN = 0, as usual in constrained Hamiltonian
systems. Therefore, in the Hamiltonian framework, their dynamical role is manifest.
Notice that the time variation h˙MN always appears combined with the Lagrange multi-
pliers, as in (2.3). For this reason, it is convenient to introduce the new metric fluctuation
δIh
MN :=
∂hMN
∂uI
−DMηNI −DNηMI . (2.6)
Similarly, from the canonical momentum we define the variation
u˙I δIπ
MN := 2(gtt)
1/2
(
h−1/2πMN
)
= u˙I
(
δIh
MN − hMN δIh
)
. (2.7)
The Hamiltonian constraint now becomes
DN
[
(gtt)1/2 δIπ
MN
]
= 0 , (2.8)
which implies that δIπ
MN is orthogonal to gauge transformations. The kinetic term extracted
from the Hamiltonian reads
Hkin =
1
4
u˙I u˙J
(∫
dD−1x
√−gD gtt
[
δIπMN δJπ
MN − 1
D − 2 δIπ δJπ
])
, (2.9)
with D = 10 in the present case. The kinetic term is entirely determined by δIπ
MN , which
is then interpreted as the 10d gauge invariant metric fluctuation corresponding to the zero
mode uI(x).
2.2 Kinetic terms
Performing the dimensional reduction starting from (2.9), the constraint along the 4d direc-
tions sets δIπ
µν = 0, which is equivalent to
δIe
2A = −1
2
e2A gkl δIgkl . (2.10)
Then the warp factor variation may be eliminated from δπij yielding,
δIπij = δIgij +
1
2
gij g
kl δIgkl . (2.11)
The constraint along the internal directions,
DN
(
(gtt)1/2δIπNj
)
) = 0 , (2.12)
implies that the physical fluctuation δIπij is in harmonic gauge with respect to the full 10d
warped metric.
With these results, the field space metric becomes [1]
GIJ(u) =
1
4
∫
d6y
√
g6 e
2A
(
δIπij δJπ
ij − 1
8
gij δIπij g
kl δJπkl
)
. (2.13)
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The metric GIJ is given as an inner product (depending explicitly on the warp factor) between
tangent vectors δIπij and δJπij. The condition (2.12) implies that the physical variation is
orthogonal to gauge transformations. An equivalent statement is that the constraint equation
minimizes the inner product over each gauge orbit. This is exactly what happens in the
simpler Yang-Mills case, where the canonical momentum is the electric field, the constraint
is Gauss’s law, and the kinetic term is proportional to the electric energy.
This method applies to general warped compactifications preserving 4d maximal symme-
try. No assumptions about the internal metric gij(y) in Eq. (2.1) are required. The application
of these results to the particular case of a conformal Calabi-Yau metric (1.5) is discussed in [1]
and will be summarized in section 3.3.
3. Finding the universal volume modulus
Our aim is to find the 10d solution describing a finite spacetime dependent fluctuation of
the volume modulus. Now, as explained in section 1.1, the first problem one faces is that of
defining the volume modulus in warped backgrounds. We address this issue by finding the
modulus in the case of an infinitesimal fluctuation, and then showing how to integrate it to
a finite variation in section 6.
Before proceeding, we should clarify the type of expansion being performed. One starts
from a warped background of the general form (2.1), where gˆµν is a maximally symmetric
4d metric. Then, a given modulus u is allowed to have a nontrivial spacetime dependence,
acquiring a nonzero velocity u˙ and energy gtt (u˙)2. The energy sources the Ricci tensor, with
the result that maximal symmetry is lost; for instance, for a massless excitation we would
have a pp-wave spacetime. The important point is that backreaction is proportional to the
energy, and hence is quadratic in u˙. The linearized expansion we consider here then means
working at first order in moduli velocities, so that the 4d metric can still be approximated
by a maximally symmetric space. In this limit, the metric fluctuations h˙MN = u˙
I ∂IhMN
amount to a small perturbation around the background solution hMN even if ∂IhMN is not
necessarily small. This is enough for the purposes of finding the Ka¨hler potential.
We apply the Hamiltonian approach to find the linearized 10d wavefunctions of the
universal volume modulus (in this section) and its axionic partner (in section 4). These
results will be used in section 5 to compute the Ka¨hler potential. Finally, in section 6 we
extend our results beyond the linear approximation, finding the backreaction produced by a
finite volume modulus fluctuation. We restrict to type IIB with BPS fluxes and branes [4–7],
so that the internal manifold is conformally equivalent to a Calabi-Yau:
ds2 = e2A0(y) ηˆµν dx
µdxν + e−2A0(y)g˜ij(y)dy
idyj (3.1)
(thus, we work in the orientifold limit with constant axio-dilaton as well). It would be
interesting to apply our approach to general N = 1 flux compactifications.
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3.1 Ten dimensional wavefunction
Consider an ansatz of the form (2.2),
ds2 = e2A(y; c)+2Ω[c]
(
gˆµν(x)dx
µdxν + 2 ∂jB ∂µc dx
µdyj
)
+ e−2A(y; c) g˜ij(y)dy
idyj , (3.2)
where c(x) denotes the universal volume modulus. As will be seen momentarily, a compen-
sating field proportional to a total derivative,
ηj(y) = e
2A+2Ω ∂jB(y) , (3.3)
solves the Hamiltonian constraints, so we have already made this identification in the ansatz.
The Weyl factor is defined to bring us to 4-dimensional Einstein frame,
e2Ω(c) =
∫
d6y
√
g˜6∫
d6y
√
g˜6 e−4A(y; c)
=
VCY
VW (c)
. (3.4)
Furthermore, the underlying CY metric is taken to be independent of the volume modulus
because a rescaling g˜ij → λg˜ij amounts to a 4d Weyl transformation.
At the end of the section it will be argued that c(x) is actually orthogonal to the other
non-universal metric zero modes uI(x). It is then consistent to set these to zero in the present
discussion. Next we will show how the Hamiltonian approach determines the 10d wavefunction
(3.2). The full computation is somewhat technical, so in section 3.2 we summarize the results.
The first step is to compute the canonical momentum (2.7) associated to the ansatz
Eq. (3.2)). These are found to be
δcπµν = 2hµν
(
4
∂A
∂c
− 2 ∂Ω
∂c
+∇iηi + 2 ∂iAηi
)
and
δcπij = gij
(
4
∂A
∂c
− 6 ∂Ω
∂c
+ 2∇iηi + 6 ∂iAηi
)
−∇iηj −∇jηi , (3.5)
where ηi is given in (3.3).
Since δcπµν is proportional to hµν , the constraint D
N πNν = 0 sets ∂
µ (δcπµν) = 0. This
relation should be valid for arbitrary ∂µc, implying δcπµν = 0, or
4
∂A
∂c
− 2 ∂Ω
∂c
+ e2Ω+4A ∇˜2B = 0 , (3.6)
in terms of the derivative ∇˜i and Laplacian compatible with g˜ij .
The constraint DN πNj = 0 requires a bit more of work. Fortunately, we can use the
computation of the Ricci tensor component Rµi in [14, 23] for our purposes, recalling the
relation [32]
R0i = −DN(h−1/2 πNi) . (3.7)
(We also need a diffeomorphism transformation to set ηi = 0 and ηµ = −e2A+2Ω ∂µc˙ B, which
can always be done for a compensator of the form (3.3)). The constraint then sets
∂m
(
∂ce
−4A(y; c)
)
= 0, (3.8)
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which implies that the dependence of the warp factor on c(x) is given by an additive shift
e−4A(y; c) = e−4A0(y) + c(x) , (3.9)
where e−4A0(y) denotes the solution associated to the metric g˜ij , which is independent of c(x).
A possible multiplicative factor is fixed using the integrated version of (3.6).
This result has an intuitive interpretation. In conformally CY flux compactifications,
the background equations of motion only fix e−4A up to a shift e−4A → e−4A + c. It was
noticed in [14,23,24] that a change in c, which is not a simple metric rescaling, also changes
the internal volume, leading to the proposal that c represents the time-independent universal
volume modulus. What we find here is that this shift is present in the full time-dependent
case too, although the full 10d metric fluctuation has other components as well.
Finally, plugging (3.4) and (3.9) into (3.6), we obtain the differential equation that fixes
the compensating field (also observed in [14]),
∇˜2B = −e−4A−2Ω
(
4
∂A
∂c
− 2∂Ω
∂c
)
= −e−4A0 + V
0
W
VCY
, (3.10)
where V 0W =
∫
d6y
√
g˜6e
−4A0(y) is the background value of the warped volume. This equation
is consistent in compact CY manifolds because the right hand side integrates to zero (which
is actually the condition which fixes the factor of e2Ω in (3.3)). Therefore, the 10d metric
solving the Hamiltonian constraints,
ds210 =
[
e−4A0(y) + c(x)
]
−1/2
e2Ω[c(x)]
(
gˆµν(x) dx
µdxν + 2 ∂iB ∂µc dy
idxµ
)
+
+
[
e−4A0(y) + c(x)
]1/2
g˜ij(y) dy
idyj (3.11)
gives a consistent spacetime dependent solution representing infinitesimal fluctuations of
the universal volume modulus. The last part of the 10d fluctuation is in the 4-form po-
tential, which is proportional to e4A. Intuitively, the BPS-like condition of [7] sets C4 =
e4Ω e4A(y; c) d4x, so the 4-form fluctuates along with the volume modulus. More details are
given in section 6, where these results will be extended to finite fluctuations.
3.2 Summary
Briefly summarizing the main points of the previous computation, the warped universal vol-
ume modulus is not associated to a simple trace rescaling of the underlying CY metric, unlike
in the unwarped case. Rather, g˜ij(y) stays fixed and the modulus corresponds to an additive
shift
e−4A(x,y) = e−4A0(y) + c(x) , (3.12)
where e−4A0(y) is the background solution with respect to g˜ij . There is also a nonzero com-
pensating field ∂iB determined by (3.10).
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A more physical way of stating this is by noticing that in the 4d action the compensating
field only appears through the shift [1]
δcgMN =
∂gMN
∂c
−DN
(
e2A+2Ω ∂MB
)−DM (e2A+2Ω ∂NB) , (3.13)
where DN is the covariant derivative with respect to the 9d spacelike metric (see section 2).
The physical 10d fluctuation associated to c(x) then becomes
δcgµν = 2 e
2A+2Ω ηµν
(
δcA+
∂Ω
∂c
)
, δcgij = − e−2A (2 δcA g˜ij + δcg˜ij) , (3.14)
where
δcA :=
∂A
∂c
− e4A+2Ω ∂ ı˜A∂iB , δcg˜ij = ∇˜i
[
e4A+2Ω∂jB
]
+ ∇˜j
[
e4A+2Ω∂iB
]
. (3.15)
The dependence of Ω and A on c(x) is given in (3.4) and (3.9). Strikingly, for non-trivial
warping the universal volume modulus has an internal metric fluctuation δcgij which is not
pure trace. The nontrivial dependence comes from the effect of the compensating field. Stated
in gauge invariant terms, this is required so that the canonical momentum δcπMN built from
δcgMN is in harmonic gauge with respect to the warped 10d metric.
Notice that in the unwarped (or large volume) limit the warp factor becomes e−4A ≈
c(x) := e4u(x), which in turn implies e2Ω = e−4u(x). The equation of motion for the com-
pensator (3.10) becomes simply ∇˜2B = 0, which is solved by B = 0, so we regain the usual
metric for the universal volume modulus in the unwarped case (1.2).
3.3 Orthogonality with other modes
The metric moduli arise as independent solutions to a Sturm-Lioville problem. Different zero
modes should be orthogonal to each other, and we may use this to understand how to define
the universal volume modulus from the original h1,1 moduli.
The natural inner product is given by the Hamiltonian (2.9). Consider two zero mode so-
lutions, with canonical momenta δIπMN and δJπMN respectively (I 6= J). The orthogonality
condition reads
GIJ =
∫
dD−1x
√−gD gtt
[
δIπMN δJπ
MN − 1
D − 2 δIπ δJπ
]
= 0 , (3.16)
where D = 10 in our case.
We need to compute the inner product (3.16) between the universal volume modulus and
the nonuniversal metric fluctuations. Recall that the canonical momentum associated to such
a fluctuation is [1]
δIπij = e
−2A
(
δI g˜ij − 1
2
g˜ij δI g˜
)
, (3.17)
where
δI g˜ij =
∂g˜ij
∂uI
− ∇˜i
(
e4ABIj
)− ∇˜j(e4ABIi
)
. (3.18)
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Here BIj is the compensating field required by the time-dependent fluctuation ∂g˜ij/∂u
I .
Unlike the case of the universal modulus, the BIj are not total derivatives; compare with
Eq. (3.14) and Eq. (3.15).
Next, specialize to I = c, the universal volume modulus, and J 6= c a nonuniversal zero
mode. Using orthogonality with respect to gauge transformations and δπµν = 0,
GcJ =
∫
dD−1x
√−gD gtt ∂g
ij
∂c
δJπij . (3.19)
Recalling that ∂gij/∂c = (1/2) e
4A gij , the orthogonality condition requires
∫
d6y
√
g˜6 g˜
ij δJ g˜ij = 0 , (3.20)
which is solved by
g˜ij
∂g˜ij
∂uJ
= 0 . (3.21)
The compensating fields in (3.18) drop from (3.20), being total derivatives.
The nonuniversal Ka¨hler moduli thus correspond to the h1,1 − 1 traceless combinations,
and Eq. (3.21) defines the basis of linearly independent metric zero modes orthogonal to
the universal volume modulus. It is interesting that we recover the known result from CY
compactifications, although the universal mode is no longer a pure trace fluctuation of the
internal metric. We should also point out that (3.21) is not a gauge condition: we can fix
completely the diffeomorphism redundacies by setting the compensating fields to zero, but
we would still need to impose (3.21). Rather, it tells us how to choose a particular basis in
the space of solutions to the Sturm-Liouville problem of the metric zero modes. This grants
that there are no kinetic mixings between the volume modulus and the other zero modes.
4. Axionic partner of the volume modulus
In the unwarped limit, the universal volume modulus gets complexified with the axion coming
from
C4 =
1
2
a(x)J˜(y) ∧ J˜(y) + · · · . (4.1)
In this section, we construct the universal axion in warped backgrounds. This will be the
partner of the warped volume modulus (3.14). At the end of the section, the h1,1− 1 nonuni-
versal axions will be shown to be orthogonal to the universal axion, so they will be set to zero
in the main part of the analysis. This is the counterpart of what happens with the universal
volume modulus, as can be anticipated for supersymmetric compactifications.
The Hamiltonian formulation for antisymmetric tensors is similar to the familiar U(1)
Maxwell case, where the canonical momentum is the electric field,
Ei =
∂L
∂A˙i
= gtt gij (∂0Aj − ∂jA0) , (4.2)
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and A0 is a Lagrange multiplier enforcing Gauss’s law ∇iEi = 0. The shift of (4.2) by ∂iA0
is the analog of the metric fluctuation shift (2.6) by the compensating field.
The generalization to a p-form Cp is as follows. C0i2...ip plays the role of a Lagrange
multiplier, and the canonical momentum is given by the p+ 1-form
E :=
1
(p + 1)!
F0i1...ip dx
0 ∧ dxi1 ∧ . . . dxip , (4.3)
where i1, . . . , ip are spacelike indices. If there are no couplings to external fields the constraint
is
d (⋆D E) = 0 . (4.4)
The Hamiltonian kinetic term is then∫
dtHkin =
∫
E ∧ ⋆D E = 1
(p + 1)!
∫
dDx
√
gD F0i1...ip F
0i1...ip . (4.5)
This is gauge invariant due to (4.4). The magnetic field contributions Fi1...ip+1 appear in the
potential energy.
4.1 Axion fluctuation in a warped background with flux
We now apply the previous approach to find the 10d universal axion in the warped background
(3.1) with three-form flux; there are extra subtleties arising from self-duality and the unusual
gauge transformations of the 4-form potential. We start by generalizing the known form
from unwarped compactifications, since the wavefunction should reduce to that form in the
unwarped limit. We also find that a constant axion yields a trivial field strength, even in the
presence of a fluctuating volume modulus, so the solution respects the classical axion shift
symmetry. Also, recall that we are working in the limit of constant axio-dilaton.
Because the 4-form potential transforms under gauge transformations associated with
the 2-form potentials, there is a small subtlety in determining 4-form fluctuations that are
globally defined on the compactification [9]. We discuss the details in Appendix A; we will
find that, in terms of globally defined fluctuations, the 5-form and 3-form canonical momenta
(4.3) are
E˜5 = dδC4 +
igs
2
(δA2 ∧ G¯3 − δA¯2 ∧G3) (4.6)
E3 = dδA2 , (4.7)
where A2 = C2−τB2. δC4 and δA2 denote the components of C4 and A2 which depend on the
axion field; their explicit form will be given momentarily. The presence of the “transgression
terms” in (4.6) reflects the fact that the canonical momenta are invariant under the gauge
transformations
δC4 → δC4 + dχ3 + igs
2
(ζ¯1 ∧G3 − ζ1 ∧ G¯3) ,
δA2 → δA2 + dζ1 . (4.8)
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We expect the axion to descend from the 4-form gauge potential δC4; however, we notice that
there are two separate gauge transformations associated with δC4, one of which arises from
gauge transformations of δA2. From the Hamiltonian perspective, gauge transformations are
associated with corresponding compensators, so we expect that there should be compensators
for the axion associated with both δC4 and δA2.
We take the ansatz
δC4 =
1
2
a0(x)J˜
2 + a2(x) ∧ J˜ − da0 ∧K3 − da2 ∧K1 , δA2 = −da0 ∧ Λ1 (4.9)
(note that J˜ ∧ J˜ = 2 ⋆˜6J˜). Here, a0 and a2 are spacetime 0- and 2-forms respectively, while
K1,3 and Λ1 are forms on the internal manifold included as possible compensators. The
canonical momenta (4.6-4.7) are then
E˜5 = da0 ∧
(
⋆˜6J˜ + dK3 − igs
2
Λ1 ∧ G¯3 + igs
2
Λ¯1 ∧G3
)
+ da2 ∧
(
J˜ + dK1
)
(4.10)
E3 = da0 ∧ dΛ1 . (4.11)
Notice that E˜5 vanishes trivially for a constant axion a0, so the field space metric cannot
depend on the axion, as expected from the classical axion shift symmetry. The 5-form canon-
ical momentum E˜5 is self-dual, which reduces the 4d degrees of freedom to a single scalar
by requiring da2 ∝ ⋆ˆ4da0. At linear order, the proportionality constant may depend only on
expectation values of moduli (at higher orders, it may also depend on fluctuations of moduli);
we will see that the full wavefunction requires the choice da2 = e
4Ω⋆ˆ4da0. In this work we
only keep a0 as an independent field, multiplying the kinetic term by 2.
2
Imposing the constraint (4.4) for the 5-form, we find that
d
[
e4A
(
J˜ + ⋆˜6
(
dK3 − igs
2
Λ1 ∧ G¯3 + igs
2
Λ¯1 ∧G3
))]
= 0 (4.12)
d
[
e−4A
(
⋆˜6J˜ + ⋆˜6dK1
)]
= − igs
2
e−2Ω
(
dΛ1 ∧ G¯3 − dΛ¯1 ∧G3
)
. (4.13)
These constraints are identical to the 10d equations of motion d(⋆10F˜5) = (igs/2)G3 ∧ G¯3
evaluated for legs in the internal directions. (The factor of e−2Ω on the right-hand-side of
Eq. (4.13) is related to the proportionality factor in the 4d Poincare´ duality between a0 and
a2.) In this way, the Hamiltonian and Lagrangian approaches yield equivalent results, and a0
corresponds to a massless 4d field.
For the volume modulus, the compensating field is determined by a single scalar function
ηi = e
2A+2Ω ∂iB, and we expect the same to occur for the compensator in δC4. The form of
the compensator equation (4.12) then motivates the following ansatz,
e4A
[
J˜ + ⋆˜6
(
dK3 − igs
2
Λ1 ∧ G¯3 + igs
2
Λ¯1 ∧G3
)]
= e2ΩJ˜ + e2Ωd
(
e4AdK
)
(4.14)
2See [33] for a careful treatment of the self-dual form.
– 13 –
in terms of a function K(y). The factor of e2Ω is fixed by wedging (4.14) with ⋆˜6J˜ and
integrating over the internal space. In fact, this ansatz yields an appropriately self-dual 5-
form if we take K1 = e
4AdK, and the factor here precisely fixes the proportionality in the
relation between a0 and a2. Replacing this ansatz in (4.13), we obtain the compensator
equation for K(y),
d (⋆˜6[dA ∧ dK]) + 1
8
de−4A ∧ J˜ ∧ J˜ = −e−2Ω igs
8
(
dΛ1 ∧ G¯3 − dΛ¯1 ∧G3
)
. (4.15)
The second constraint, associated with the A2 gauge transformation, fixes the compen-
sator Λ1,
d(⋆˜6dΛ1) = −4i e2Ωe4AdA ∧ dK ∧G3 . (4.16)
This follows from the G3 equation of motion, primitivity of the 3-form,
3 and the 4d Poincare´
duality relation (which fixes the power of e2Ω.
There is one other issue in this analysis. Because there is a background 5-form associated
with the warp factor, the axion fluctuations can appear in the Hamiltonian equation for π˙MN
at linear order, through terms of the form δF˜MP1...P4 F˜N
P1...P4 . By examining the allowed
components, we can see that the only terms that contribute are of the form
4F˜µ
νλρnδF˜mνλρn + F˜m
npqrδF˜µnpqr . (4.17)
However, with the background 4-form potential proportional to the 4d volume form, self-
duality of the 5-form causes this contribution to vanish for any fluctuations δF˜ with these
components.
Summarizing, the gauge invariant wavefunction for the universal axion in a warped back-
ground is given by the canonical momenta
E˜5 = (1 + ⋆10)
[
e2Ωda0(x) ∧ ⋆˜6
(
e−4A J˜ + 4 dA ∧ dK
)]
(4.18)
E3 = da0 ∧ dΛ1 , (4.19)
where K,Λ1 satisfy the Gauss law constraints (4.15,4.16) respectively. Heuristically, the warp
factor dependence arises naturally from J ∧ J = e−4A J˜ ∧ J˜ .
In the unwarped limit, we see that the compensators become gauge trivial. First, K1
becomes exact. Similarly Eq. (4.16) implies that Λ1 is closed, so δG3 = 0. The residual gauge
freedom to make Λ1 co-closed means that it must vanish (because there are no harmonic
1-forms on a CY); this same gauge transformation also forces K3 to be closed, as required
by Eq. (4.14) since e2Ω = e4A = c−1. Then it is simple to gauge away the K1 and K3
compensators in Eq. (4.9). As expected, we then recover the known axion wavefunction in a
CY background. Also note that the compensators Λ1 become trivial when the background
3-form flux vanishes, which we expect because δC4 has only one gauge transformation in that
case.
3On an orientifold T 6 or T 2 ×K3, an additional term may appear in Eq. (4.16) if the flux breaks super-
symmetry, but it cancels out of the following analysis.
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4.2 Orthogonality with nonuniversal axions
We now consider the effect of the h1,1 − 1 nonuniversal axions. The story is similar to the
above. For ρ˜r the independent (1, 1) forms in the 2nd cohomology (J˜ = ρ˜1), the potential
now becomes
δC4 =
h1,1∑
r=1
[ar0(x)⋆˜6ρ˜r + a
r
2(x) ∧ ρ˜r − dar0 ∧ dK3,r − dar2 ∧ dK1,r] , δA2 = −dar0∧Λ1,r . (4.20)
Computing the canonical momentum, we obtain constraints analogous to (4.12,4.13),
which along with self-duality imply
e4A
(
ρ˜r + ⋆˜6dK3, r +
igs
2
Λ1,r ∧ G¯3 − igs
2
Λ¯1,r ∧G3)
)
= e2ΩM sr (u) (ρ˜s + dK1, s) , (4.21)
with M(u) some function of the moduli uI , which can be diagonalized. The constraint from
the 2-form gauge transformation is of a similar form as (4.16), but with a more general 1-form
K1 6= e4AdK on the right hand side, because there are no harmonic 5-forms on a CY.4
The kinetic term mixing between the universal and nonuniversal axions is
∫
E˜5,r ∧ ⋆10E˜5,1 + gs
2
∫
E3,r ∧ ⋆10E¯3,1 + gs
2
∫
E¯3,r ∧ ⋆10E3,1 (4.22)
Using the constraint equations (4.21,4.16) in a calculation similar to that presented below in
section 5, the kinetic mixing is proportional to (ρ˜r, J˜) =
∫
⋆˜ρr ∧ J˜ . Since this is the natural
inner product on the 2nd cohomology, the universal axion is orthogonal to the other h1,1 − 1
axionic excitations as long as the basis of (1, 1) forms is chosen to be orthogonal itself.
5. Ka¨hler potential
Finally we are ready to compute the kinetic term and Ka¨hler potential for the chiral superfield
ρ = a0 + i c (5.1)
which combines the universal Ka¨hler modulus found in Eq. (3.14) with the axionic mode
given in Eq. (4.18). Finding an explicit answer for the Ka¨hler potential is in general rather
involved, because the compensating fields appear explicitly in the kinetic terms. Therefore,
one would have to solve the second order constraint equations (which depend on the warp
factor) and then plug in the explicit solution into the kinetic terms. However, using the
Hamiltonian expressions for the kinetic terms, we will find that the explicit solution to the
compensating fields is actually not needed. We show that the constraint equations are enough
to eliminate the compensating fields from the 4d action. In this way, we compute the explicit
Ka¨hler potential.
4Again, there are additional terms on T 6 or T 2 ×K3, but they still cancel in the kinetic term.
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5.1 Kinetic terms
First we look at the kinetic term for c(x),
Skin, c =
1
κ24
∫
d4x
√
gˆ Gcc gˆ
µν ∂µc ∂νc . (5.2)
According to section 2, Gcc follows from replacing the canonical momentum conjugate to
(3.14) in the Hamiltonian expression (2.13). A short computation reveals that
Gcc =
1
2VCY
∫
d6y
√
g˜ e4Ω+2A
[
e−2A−2Ω(∂cΩ+ ∂cA)− e2A(∂m˜A)(∂mB)
]
. (5.3)
Integrating by parts to get ∇˜2B and replacing it by its constraint (3.6), the terms con-
taining ∂cA cancel, and ∂cΩ controls the kinetic term. The result is
Gcc =
3
4
e4Ω =
3
4
(
VCY
c(x)VCY + V 0W
)2
, (5.4)
showing the well-known factor of 3 for the kinetic term of the universal volume modulus. It is
interesting that this factor arises from nontrivial cancellations of different warping corrections,
which would not occur had we neglected the compensating field contribution.
To calculate the kinetic term for the universal axion, we take the prescription for the
5-form in which we double the coefficient of the F˜ 25 term in the action but consider only
half the components. We will keep the terms including the scalar a0 as opposed to a2 (with
a0 = a0(t), this corresponds to keeping components of F˜5 with time indices). Replacing the
axion fluctuation (4.18) into the kinetic action, we find5
Skin, a = − 1
4κ210
∫ (
E˜5 ∧ ⋆10E˜5 + gs E3 ∧ ⋆10E¯3
)
= − 1
4κ210
∫
e4Ωda0 ∧ ⋆ˆ4da0
∫ [(
⋆˜6(e
−4AJ˜ + 4dA ∧ dK)
)
∧
(
J˜ + de4A ∧ dK
)
+e−2Ω gs dΛ1 ∧ ⋆˜6dΛ¯1
]
. (5.5)
Note that the Chern-Simons term does not include a0, so it does not appear. Integrat-
ing by parts and using the constraint equations (4.15,4.16) to eliminate the compensators
K(y),Λ1(y), we arrive to
Skin, a = − 3
4κ24
∫ √
−gˆe4Ωgˆµν∂µa0∂νa0 . (5.6)
The factor of 3 comes from ∫
J˜ ∧ ⋆˜6J˜ = 1
2
∫
J˜3 = 3VCY . (5.7)
This reproduces precisely the field space metric of the volume modulus. As we saw with the
metric volume modulus, we see that the presence of the compensators in (5.5) are crucial to
obtain the correct form for the kinetic term (5.6).
5Recall that Ep is the “electric field” F0i1...ip−1 .
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5.2 Ka¨hler potential and no-scale structure
The previous analysis shows that the volume modulus and universal axion can be complexified
into
ρ(x) = a0(x) + i c(x) . (5.8)
In fact, since our analysis has not relied on the particular components of the 3-form flux, the
volume modulus and axion form a complex scalar even in compactifications with classically
broken supersymmetry. From the kinetic terms (5.2) and (5.6), we obtain
Skin = −3 1
κ24
∫
d4x
√
gˆ4
gˆµν ∂µρ∂ν ρ¯[−i(ρ− ρ¯) + 2V 0W /VCY ]2
(5.9)
This metric follows from the Ka¨hler potential,
K = −3 log
(
−i(ρ− ρ¯) + 2 V
0
W
VCY
)
. (5.10)
Corrections due to warping amount to an additive constant in the Ka¨hler potential. This
proves that no-scale structure Gρρ¯∂ρK∂ρ¯K = 3 is maintained in GKP type compactifications,
albeit in terms of a highly nontrivial 10d wavefunction for ρ. We can also write this Ka¨hler
potential in a more physical way in terms of the full warped volume,
K = −3 log (2VW (ρ)/VCY ) . (5.11)
The quantity (V 0W /VCY ) may be interpreted as the background value for c(x), so, after
shifting
ρ→ ρ− i V
0
W
VCY
, (5.12)
the Ka¨hler potential is
K = −3 log [−i(ρ− ρ¯)] . (5.13)
This result coincides with the unwarped expression. The correction from warping becomes
important, for example, once a nonperturbative superpotential for ρ is included as in [25].
The instanton or gaugino condensation superpotential receives then an exponential correction
from warping due to the tree-level shift,6
W = Aeia ρ → AeaV 0W /VCY eiaρ . (5.14)
Similarly, if we consider α′ corrections [26], the shift modifies the potential for the volume
modulus. The modifications in both these cases deserve further study.
The fact that a series of rather subtle corrections conspire to give the very simple final
result (5.10) suggests that there could be some underlying physical reason for this.7 One
6Here we are ignoring possible corrections to the Ka¨hler potential in the α′ and gs expansions, as well as
nonperturbative corrections.
7We thank S. Kachru and A. Tomasiello for discussions on this point.
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way to understand this is to notice that (in the absence of contributions beyond classical
supergravity) the 10d solution we have found preserves the shift symmetry e−4A → e−4A +
c(x). This implies no-scale structure, which in turn restricts the Ka¨hler potential to be of the
general form
K(ρ, ρ¯) = −3 log [−i(ρ− ρ¯) + a] + b . (5.15)
Therefore, the shift-symmetry of the full solution protects the Ka¨hler potential from signifi-
cant warping corrections.
6. Nonlinear solution for fluctuating volume modulus
In this section, we present a complete, nonlinear solution to the 10d supergravity field equa-
tions corresponding to a wave of the universal volume modulus. Our solutions are appropriate
for compactifications of the form discussed in [7]. For ease of presenation, we will work with
the covariant equations of motion.
The external spacetime metric in the time-dependent background takes a pp-wave form,
as is appropriate for a propagating massless field. As a brief review, the pp-wave metric has
the form
ds24 = gˆµνdx
µdxν = −H(x+, ~x)(dx+)2 + dx+dx− + d~x2 . (6.1)
A clear but important property of this metric is that gˆ++ = 0. It will be important later that
most of the Christoffel symbols vanish; in particular, Γˆ+µν = 0. The only nonvanishing Ricci
tensor component is Rˆ++ = (1/2)~∂
2
H, so the Ricci scalar vanishes.
As a source, consider a massless scalar with action
S = − 1
2κ2D
∫
dDx
√
−gˆf(φ) (∂φ)2ˆ . (6.2)
It is clear that any function φ(x+) solves the scalar equation of motion, and, since ∂φ is null,
the Einstein equation is (the only nontrivial component is ++)
Rˆµν = f(φ)∂µφ∂νφ , (6.3)
which is solved by
H(x+, ~x) =
1
2(D − 2) |~x|
2 f
(
φ(x+)
) (
∂+φ(x
+)
)2
. (6.4)
Since H is quadratic in the scalar velocity, we see immediately why previous attempts to
solve for the volume modulus beyond linear order have failed.
6.1 Ten-dimensional solution
We can now present the nonlinear solution for a propagating volume modulus and verify that
it solves the equations of motion. The warp factor profile in the compact dimensions remains
the same as in the static case, and the compensator wavefunction is given by the linearized
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expression. In addition, since 3-form fluxes do not stabilize the volume modulus, we include
the 3-forms quite simply, so these results apply to all GKP compactifications [7]. Throughout,
we assume that 7-branes are in the orientifold limit, so that the internal space is conformally
CY and the axio-dilaton is constant. We also work away from localized sources such as branes
or orientifolds for simplicity; removing these assumptions is a straightforward generalization.
The 10d background corresponding to a finite fluctuation of the universal volume modulus
can be written as
ds2 = e2A(x,y)e2Ω(x)g¯µν(x, y)dx
µdxν + e−2A(x,y)g˜ij(y)dy
idyj (6.5)
F˜5 = e
4Ωd4x ∧ d (e4A)+ ⋆˜d (e−4A0) , (6.6)
where we have defined the shorthand e2Ω for the Einstein frame factor as in Eq. (3.4) and
the warp factor as in Eq. (3.9) as well as a 4d metric
g¯µν(x, y) = gˆµν(x)− 2
(
∇ˆµ∂νc(x) + e2Ω(x)∂µc(x)∂νc(x)
)
B(y) . (6.7)
Here, gˆµν is a pp wave as defined in Eq. (6.1), and B(y) is a compensator that obeys the same
constraint as in the linear case Eq. (3.10). In addition, the volume modulus c(x) depends only
on a null direction, which we denote x+. This means that ∇ˆµ∂νc = ∇¯µ∂νc = ∂2+c (or for any
field). In addition, since gˆµν and g¯µν differ from Minkowski only in the ++ component, d
4x
is the volume form for those metrics as well (conveniently written in light-cone coordinates).
The first equation of motion to check is the 5-form Bianchi identity, which is satisfied
as long as A0 is the appropriate static warp factor; with fixed background 3-form flux (and
local sources), the Bianchi identity is spacetime independent. Self-duality of the 5-form then
fixes the spacetime component — the external component of C4 is just the volume form of
the 4d spacetime. It is also easy to see that the axio-dilaton and 3-form equations of motion
are unchanged from the static solution (up to overall factors), so they are trivially satisfied,
as well.
We now proceed to the Einstein equation. The µi component is just the integrated form
of Eq. (3.8), which is satisfied by the “shifted” form (3.9) assumed. The internal component is
slightly more complicated because it includes sources from the 5-form and 3-forms. However,
because all 4d derivatives are null and the pp wave Ricci scalar vanishes, the Einstein equation
reduces to the static case, which is satisfied by assumption. This is the Poisson equation
∇˜2e−4A0 = − gs
12
GijkG¯
fijk , (6.8)
which also follows from the 5-form Bianchi [14].
Finally, we consider the external components of the Einstein equation. A straightforward
but somewhat tedious calculation finds the Ricci tensor
Rµν = Rˆµν − 2∇ˆµ∂νΩ+ 4∇ˆµ∂νA+ 2∂µΩ∂νΩ− 8∂(µΩ∂ν)A− 16∂µA∂νA
−e2Ωe4Ag¯µν∇˜2A+ e2Ωe4A
(
∇ˆµ∂νc+ e2Ω∂µc∂νc
)
B . (6.9)
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As in calculating the other components, we have made repeated use of the fact that all
spacetime derivatives lie in the x+ direction, so contractions of them automatically vanish.
The trace-reversed stress tensor (we take RMN = TMN ) has external components
Tµν = −4e2Ωe4A
(
∂iA∂
ı˜A
)
g¯µν − gs
48
e2Ωe4AGijkG¯
fijkg¯µν . (6.10)
Then the external Einstein equation simplifies with the help of Eq. (6.8) along with the
relations (3.4,3.9):
Rˆµν + ∇ˆµ∂νc
[
e2Ω − e4A + e2Ωe4A∇˜2B
]
+ ∂µc∂νc
[
−1
2
e4Ω − e2Ωe4A + e4Ωe4A∇˜2B
]
= 0 .
(6.11)
Since we take the compensator B to obey the constraint (3.10), we end up with
Rˆµν =
3
2
e4Ω∂µc∂µc . (6.12)
Note that the compensator term quadratic in c is necessary to cancel all the internal space
dependence in the external Einstein equation. This is just the Einstein equation (6.3) for the
4d pp wave, as we desired.
6.2 Comments on the nonlinear background
Let us now make a few comments about the nonlinear background.
First, compare this background to the linearized one presented earlier. The Hamiltonian
approach naturally defines the compensators as metric components gµi ∝ ∂iB. These can be
gauged away at the cost of introducing a deformation of the internal metric. However, in the
nonlinear solution, it is useful to work with coordinates in which g˜ij is unchanged by the fluc-
tuation and the compensator appears in the spacetime metric. In addition, the compensator
now acquires a term quadratic in the modulus velocity. Finally, since the solution singles
out the lightcone coordinate x+, we found it more convenient to work with the covariant
equations of motion. Otherwise, the nonlinear background is quite similar to the linearized
one, and we see that the warp factor and compensator profiles are actually identical.
The existence of this nonlinear background has several important consequences. For one,
the solution provides an independent derivation of the kinetic term for the volume modulus.
That is, the 10d solution satisfies the 4d Einstein equation for the pp-wave (6.3), which exactly
encodes the kinetic term for the massless scalar. In fact, we see that we reproduce the field
space metric (5.4), even including the famous factor of 3. This fact is a highly nontrivial
consistency check of the low energy theory that we have developed.
This solution is also the first time-dependent 10d background that correctly captures the
nonlinear physics of modulus motion in warped string compactifications. Since it is precisely
consistent with the expected effective field theory, it should end concerns raised in [23, 24]
about the validity of the 4d effective theory.
Finally, it seems that this solution is likely to share a number of features with cosmological
backgrounds in these compactifications; in particular, if the Ka¨hler modulus is stabilized with
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a mass well below the warped KK scale, its motion will be well approximated by classical
solutions. Developing cosmological backgrounds would be of relevance to models of inflation
in string theory and could shed light on higher-dimensional or string physics in cosmology.
Unfortunately, solving for the motion of the Ka¨hler modulus in a cosmological background is
already difficult at the 4d level, so we leave this issue as an open question.
7. Strongly warped limit and light KK modes
In the previous sections we have obtained the 10d solution corresponding to the universal
Ka¨hler modulus, first in the linearized approximation, and then showing how to include
finite fluctuations. We also studied the 4d properties of the solution, by finding the Ka¨hler
potential and proving no-scale structure. In this section we will show how to apply our results
to strongly warped throats in the compactification manifold.
Strongly warped regions are important both from a phenomenological point of view and to
understand gauge/gravity dualities in string theory. Moreover, the effects from compensating
fields are expected to dominate in this limit [1], so this is good place to illustrate our results.
Another important dynamical effect is that at strong warping the KK mass scale is redshifted,
and could become of the same order as the energy scale of the EFT for the moduli fields.
Therefore, these new light fields need to be included in the 4d description. In the first part
of the section we will find the 10d wavefunction of the volume modulus at strong warping,
and illustrate its behavior for various choices of warping. Next we show will how to include
light KK modes, concluding that there are no kinetic mixings with the Ka¨hler modulus.
7.1 Wavefunction in the strongly warped limit
To begin with a simple example, consider an AdS warp factor e−4A0 ∼ N/r4. Without
including compensating fields, the 10d wavefunction corresponding to the volume modulus
c(x) scales, at small r, like
δcgµν ∼ r
6
N3/2
, δcgrr ∼ r
2
N1/2
. (7.1)
On the other hand, including the effect of compensating fields, we obtain the qualitatively
different behavior
δcgµν ∼ r
2
N1/2
, δcgrr ∼ N
1/2
r2
. (7.2)
This illustrates the point that the correct gauge invariant 10d fluctuation may differ signifi-
cantly from the naive solution.
Let us be more concrete and model the throat locally by a warped deformed conifold
with metric given by the the Klebanov-Strassler solution [34],
ds2 = e2A0ηµν + e
−2A0 ǫ
4/3
2
K(τ)
[dτ2 + (g5)2
3K3(τ)
+ cosh2
(τ
2
)
((g3)2 + (g4)2) + sinh2
(τ
2
)
((g1)2 + (g2)2)
]
(7.3)
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where τ is the radial coordinate along the throat. The equation for the compensator (3.10)
now becomes
∂τ
(
K2(τ) cosh2
τ
2
sinh2
τ
2
Bτ (τ)
)
=
(
V 0W
VCY
− e−4A0(y)
)
ǫ4/3
6
cosh2
τ
2
sinh2
τ
2
(7.4)
Figure 1: (a) The 4-dimensional wavefunction δcgµν and (b) the internal metric wavefunction
δcgττ/g˜ττ in a Klebanov-Strassler warped background for various values of the warping evaluated
at the tip e−4A0(0): no warping e−4A0(0) = 1, dotted blue; weak warping e−4A0(0) = 104, dashed red;
strong warping e−4A0(0) = 106, solid black. Notice that as the warping increases, the wavefunction
dips deeper into the throat.
One can now solve this equation numerically for various values of the warping – the results
for the wavefunctions δcgµν , δcgττ/g˜ττ are shown in Figure 1. For convenience of display in
Figure 1 we have divided out the unwarped part g˜ττ of the metric to show that at large τ ,
where the warping is weak, the physical metric flucutation asymptotes to the unfluctuated
and unwarped metric, which is what we expect.
As the amount of warping increases (dashed red and solid black lines) the internal metric
wavefunctions δcgij become more peaked in the tip region of the throat where the warping
is strongest, while the 4d metric wavefunctions δcgµν decrease to zero, as expected from our
simple estimates with the AdS warp factor (7.2).
7.2 Inclusion of KK modes
We now address the problem of including light KK modes in the EFT of the volume modulus.8
A general argument for the absence of kinetic mixings beween zero modes and their KK
excitations was given in [2]. It was based on the observation that these fluctuations are
eigenvectors of a Sturm-Liouville problem, such that the orthogonality relation derived from
the differential problem coincides with the Hamiltonian inner product. This then grants the
8We thank E. Silverstein for suggesting to check this.
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absence of kinetic mixings. Since the application to p-forms may be unfamiliar, we now show
that the universal axion is orthogonal to its KK excitations.
Consider then the 2-form massless and massive modes in C4,
δC4 = a2(x) ∧ J˜(y) +
∑
α
aα2 (x) ∧ ωα(y) (7.5)
where ωα are (non-closed) 2-forms, and the KK fields a
α
2 are dual to spacetime scalars. The
compensating fields are already absorbed into J˜ and ωα. For simplicity, we are also setting the
Weyl factor equal to one. There are, of course, other components, and we have not determined
the complete wavefunctions for the excited KK modes, but we can see orthogonality just from
these components.
Requiring that the particles have a well-defined 4d mass, d (⋆ˆ4da
α
2 ) = −m2α ⋆ˆ4aα2 , we
derive the eigenvector equation
d (⋆˜6dωα) = m
2
α e
−4A ⋆˜6ωα . (7.6)
The computation of the kinetic mixing between a2(x) and a
α
2 (x) then proceeds as in Eq. (5.5):∫
E5 ∧ ⋆10 E5 → −
∫
x
a2(x) ∧ d [⋆ˆ4 daα2 (x)]
∫
y
e−4A(y) J˜ ∧ ⋆˜6ωα
= − 1
m2α
∫
x
a2(x) ∧ d [⋆ˆ4 daα2 (x)]
∫
y
J˜ ∧ d (⋆˜6dωα) (7.7)
where we have used (7.6). Since J˜ is closed, integrating by parts the kinetic mixing vanishes.
By supersymmetry, the same holds for the universal volume modulus (since the analysis
should not depend on our choice of 3-form flux, this statement holds even in classically
nonsupersymmetric compactifications). We conclude that light KK modes do not mix with
the Ka¨hler modulus at the level of the kinetic terms.
8. Discussion and implications
By using the Hamiltonian method, developed for warped compactifications in [1], we have
computed the kinetic term and Ka¨hler potential for the universal volume modulus and its
axionic partner in IIB flux compactifications of the type studied in [7] for arbitrary warping.
We found that the Ka¨hler potential for the universal Ka¨hler modulus takes the form
K(ρ, ρ¯) = −3 log
(
−i(ρ− ρ¯)− 2 V
0
W
VCY
)
. (8.1)
It is rather striking that all warping corrections just amount to an additive shift ρ → ρ −
i (VW /VCY ). One way to understand this result is to argue that the no-scale symmetry
survives in the correct 10d warped solution. This protects the Ka¨hler potential from further
warping corrections.
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It is important to emphasize that the 10d time-dependent solution that we have found
is very different from the unwarped fluctuation. Therefore, the respective 4d theories are
expected to be different as well, even if the Ka¨hler potentials have the same functional depen-
dence. In particular, once nonperturbative corrections of the form W = Aeiaρ are included,
the previous seemingly innocuous shift in ρ may produce qualitative changes in the field the-
ory. This could become important in KKLT type models [25] that rely on the existence of a
strongly warped region. It would be interesting to compute the prefactor A (see [35–37]) in
strongly warped backgrounds, and see how our 10d solution modifies the discussion.
In section 7 we showed that the warped 10d fluctuations for a time-dependent universal
volume modulus are peaked at the tip of the throat, and that there are no Ka¨hler potential
mixings with light KK modes. This can be relevant for phenomenological applications in
which the coupling of the universal Ka¨hler modulus to brane and bulk fields, obtained by
the 10d wavefunction overlap, is important. Also, studying further the wavefunctions of the
KK modes of the universal axion could shed light on the possibility of mixing through mass
terms as well as be important for studying the behavior of perturbations in strongly warped
throats.
We have also shown in section 6 that the 10d metric fluctuations can be promoted to a
fully time-dependent, warped, 10d metric for the universal volume modulus by taking into
account the backreaction on the 4d space. This is a first step towards finding cosmological
solutions for time-dependent Ka¨hler moduli, which may be relevant for models of inflation.
There are several future directions of interest. First, it is highly desirable to determine
the Ka¨hler potential for general Ka¨hler moduli, which are not stabilized by 3-form flux on a
generic CY. Another interesting related open problem is calculating the Ka¨hler potential for
modes that are stabilized by the 3-form flux; as discussed in [1,2,10,38], the flux also modifies
the 10d wavefunction in this case. On a slightly different tack, it is natural to extend our
results to excited KK modes of the volume modulus and axion, along the lines of [2]. Finally,
generalization of our nonlinear solution to cosmological backgrounds is an important problem
for future work in string cosmology.
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A. Gauge transformations and field redefinitions of C4
The dimensional reduction of fluctuations of C4 in 3-form flux background is slightly sub-
tle due to its nonstandard gauge transformations. We follow the discussion of [9], which
considered the case of a torus orientifold in some detail.
In terms of the 4-form that couples electrically to a D3-brane
SWZ = µ3
∫
C4 , (A.1)
the 5-form field strength is F˜5 = dC4 − C2H3. The gauge transformations that leave F˜5
invariant are
C4 → C4 + dχ3 + ζC1 ∧H3 , C2 → C2 + dζC1 , B2 → B2 + dζB1 . (A.2)
In a background of nontrivial 3-form flux, the potentials B2 and C2 are well-defined only on
coordinate patches, which must be glued together with gauge identifications ζB,C . With a
fixed choice of background potentials C4, B2, and C2, the gauge transformations ζ
B,C are also
fixed, so fluctuations δB2, δC2 must be globally defined on the internal manifold (on a torus,
this means they are periodic). Hence, they have the appropriate behavior for dimensional
reduction without any issue of gluing coordinate patches together.
The 4-form is slightly more complicated; the background C4 is also defined only on
patches and glued together by the gauge transformation (A.2) with H3 the background flux.
This means that the fluctuation also has a nontrivial gauge gluing δC4 → δC4+ dχ+ ζCδH3.
To simplify the gluing conditions, we can define δC ′4 = δC4 − C2δB2 (to linear order); this
is glued together by gauge transformations δC ′4 → δC ′4 + dχ′ with χ′ = χ − λCδB2, which
are trivial as long as there is no quantized 5-form flux. Therefore, the 4-form potential
that follows ordinary dimensional reduction is δC ′4. The field strength and complete gauge
transformations work out to be
δF˜5 = dδC
′
4 +
igs
2
(
δA2 ∧ G¯3 − δA¯2 ∧G3
)
(A.3)
δC ′4 → δC ′4 + δχ′ +
igs
2
(
ζ¯A ∧G3 − ζA ∧ G¯3
)
(A.4)
in terms of the complex potenial A2 = C2 − τB2, G3 = dA2. Henceforth, we drop the prime
on δC4.
Lest this seem like a technical but nonphysical point, let us make two comments. First,
this field redefinition allows us to define the fluctuation in the 5-form without reference to the
background 2-form potentials, which is an immense simplification. Second, the redefined 4-
form fluctuation does not couple directly to the D3-brane as in Eq. (A.1). The field redefinition
modifies the coupling of the 2-form fluctuations to the D3-branes.
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